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Abstract. Constructing a discretization of a given set is a major prob-
lem in various theoretical and applied disciplines. An offset discretization
of a set X is obtained by taking the integer points inside a closed neigh-
borhood of X of a certain radius. In this note we determine a minimum
threshold for the offset radius, beyond which the discretization of a dis-
connected set is always connected. The results hold for a broad class of
disconnected and unbounded subsets of Rn, and generalize several pre-
vious results. Algorithmic aspects and possible applications are briefly
discussed.
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1 Introduction
Constructing a discretization of a set X ⊆ Rn is a major problem in various the-
oretical and applied disciplines, such as numerical analysis, discrete geometry,
computer graphics, medical imaging, and image processing. For example, in nu-
merical analysis, one may need to transform a continuous domain of a function
into its adequate discrete analogue. In raster/volume graphics, one looks for a
rasterization that converts an image described in a vector graphics format into
a raster image built by pixels or voxels. Such studies often elucidate interesting
relations between continuous structures and their discrete counterparts.
Some of the earliest ideas and results for set discretization belong to Gauss
(see, e.g., [23]); Gauss discretization is still widely used in theoretical research
and applications. A number of other types of discretization have been studied
by a large number of authors (see, e.g., [1,2,10,14,18,19,20,27,28,32] and the bib-
liographies therein). These works focus on special types of sets to be discretized,
such as straight line segments, circles, ellipses, or some other classes of curves in
the plane or on other surfaces.
An important requirement for any discretization is to preserve certain topo-
logical properties of the original object. Perhaps the most important among these
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is the connectedness or disconnectedness of the discrete set obtained from a dis-
cretization process. This may be crucial for various applications ranging from
medicine and bioinformatics (e.g. organ and tumor measurements in CT images,
beating heart or lung simulations, protein binding simulations) to robotics and
engineering (e.g. motion planning, finite element stress simulations). Most of the
works cited above address issues related to the connectedness of the obtained
discretizations. To be able to perform a reliable study of the topology of a digital
object by means of shrinking, thinning and skeletonization algorithms (see, e.g.
[4,7,21,29,31] and the bibliography therein), one needs to start from a faithful
digitization of the original continuous set.
Perhaps the most natural and simple type of discretization of a set X is the
one defined by the integer points within a closed neighborhood of X of a certain
radius r. This will be referred to as an r-offset discretization. Several authors
have studied properties of offsets of certain curves and surfaces [3,5,11,17], how-
ever without being concerned with the properties of the integer set of points
enclosed within the offset. In [12,15] results are presented on offset-like conics
discretizations. Conditions for connectedness of offset discretizations of bounded
path connected or connected sets are presented in [8,9,30].
While all related works study conditions under which connectedness of the
original set is preserved upon discretization, in the present paper we determine
minimum thresholds for the offset radius, beyond which disconnectedness of a
given original set is never preserved, i.e., the obtained discretization is always
connected. The results hold for a broad class of disconnected subsets of Rn,
which are allowed to be unbounded. The technique we use is quantizing the
(possibly uncountable and unbounded) set X by the minimal countable (possibly
infinite) set of voxels containing X, which makes the use of induction feasible.
To our knowledge, these are the first results concerning offset discretizations
of disconnected sets. They extend a result from [9] which gives best possible
bounds for an offset radius to guarantee 0- and (n − 1)-connectedness of the
offset discretization of a bounded path-connected set; they also generalize a
result from [8] to unbounded connected sets.
In the next section we introduce various notions and notations to be used in
the sequel. In Sections 3 we present the main results of the paper. We conclude
in Section 4 by addressing some algorithmic aspects and possible applications.
2 Preliminaries
We recall a few basic notions of general topology and discrete geometry. For
more details we refer to [13,21,22].
All considerations take place in Rn with the Euclidean norm. By d(x, y)
we denote the Euclidean distance between points x, y ∈ Rn. Given two sets
A,B ⊂ Rn, the number g(A,B) = infx,y{d(x, y) : x ∈ A, y ∈ B} is called the
gap3 between the sets A and B. Bn(x, r) is the closed n-ball of radius r and
3 The function g itself, defined on the subsets of Rn is called a gap functional. See,
e.g., [6] for more details.
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center x (dependence on n will be omitted when it is clear from the context).
Given a set X ⊆ Rn, |X| is its cardinality. The closed r-neighborhood of X, which
we will also refer to as the r-offset of X, is defined by U(X, r) = ∪x∈XB(x, r).
Cl(X) is the closure of X, i.e., the union of X and the limit points of X. X
is connected if it cannot be presented as a union of two nonempty subsets that
are contained in two disjoint open sets. Equivalently, X is connected if and only
if it cannot be presented as a union of two nonempty subsets each of which is
disjoint from a closed superset of the other.
In a discrete geometry setting, considerations take place in the grid cell model.
In this model, the regular orthogonal grid subdivides Rn into n-dimensional unit
hypercubes (e.g., unit squares for n = 2 or unit cubes for n = 3). These are
regarded as n-cells and are called hypervoxels, or voxels, for short. The (n− 1)-
cells, 1-cells, and 0-cells of a voxel are referred to as facets, edges, and vertices,
respectively.
Given a set X ⊆ Rn, XZ = X∩Zn is its Gauss discretization, while ∆r(X) =
U(X, r) ∩ Zn is its discretization of radius r, which we will also call the r-offset
discretization of X.
Two integer points are k-adjacent for some k, 0 ≤ k ≤ n − 1, iff no more
than n − k of their coordinates differ by 1. A k-path (where 0 ≤ k ≤ n − 1)
in a set S ⊂ Zn is a sequence of integer points from S such that every two
consecutive points of the path are k-adjacent. Two points of S are k-connected
(in S) iff there is a k-path in S between them. S is k-connected iff there is a
k-path in S connecting any two points of S. If S is not k-connected, we say that
it is k-disconnected. A maximal (by inclusion) k-connected subset of S is called
a k-(connected) component of S. Components of nonempty sets are nonempty
and any union of distinct k-components is k-disconnected. Two voxels v, v′ are
k-adjacent if they share a k-cell. Definitions of connectedness and components
of a set of voxels are analogous to those for integer points.
In the proof of our result we will use the following well-known facts (see [9]).
Fact 1 Any closed n-ball B ⊂ Rn with a radius greater than or equal to √n/2
contains at least one integer point.
Fact 2 Let A and B be sets of integer points, each of which is k-connected. If
there are points p ∈ A and q ∈ B that are k-adjacent, then A∪B is k-connected.
Fact 3 If A and B are sets of integer points, each of which is k-connected, and
A ∩B 6= ∅, then A ∪B is k-connected.
Fact 4 Given a closed n-ball B ⊂ Rn with BZ 6= ∅, BZ is (n− 1)-connected.
3 Main Result
In this section we prove the following theorem.
Theorem 1. Let X ⊂ Rn, n ≥ 2, be a disconnected set such that Cl(X) is
connected. Then the following hold:
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1. ∆r(X) is (n− 1)-connected for all r >
√
n/2.
2. ∆r(X) is at least 0-connected for all r >
√
n− 1/2.
These bounds are the best possible which always respectively guarantee (n − 1)
and 0 connectedness of ∆r(X).
Proof. The proof of the theorem is based on the following fact.
Claim. Let X ⊆ Rn be an arbitrary disconnected set (possibly infinite), such
that Cl(X) is connected. Let W (X) denote the (possibly infinite) set of voxels
intersected by X. Then W (X) can be ordered in a sequence W (X) = {v1, v2, . . . }
with the following property:
Cl(X) ∩
(
vk ∩
k−1⋃
i=1
vi
)
6= ∅, ∀k ≥ 1. (1)
Proof. To simplify the notation, let
⋃
F stand for the union of a family of sets F .
Let W ′(X) be a maximal by inclusion subset of W (X) satisfying Property (1).
Note that W ′(X) always exists, no matter if W (X) is finite or infinite. Assume
for contradiction that W ′(X) 6= W (X). By the maximality of W ′(X) it follows
that X1 := Cl(X) ∩
⋃
W (X) does not intersect the closed set Y1 :=
⋃
(W (X) \
W ′(X)), and X2 := Cl(X) ∩
⋃
(W (X) \W ′(X)) does not intersect the closed
set Y2 :=
⋃
W ′(X). Then we have that Cl(X) is the union of the nonempty sets
X1 and X2, and each of them is disjoint from a closed superset of the other (Y1
and Y2, respectively), which is impossible if Cl(X) is connected. uunionsq
For the proof of both parts of the theorem we use induction on k to establish
the claimed connectedness of ∆r(X ∩
⋃k
i=1 vi).
Part 1. Let W (X) = {v1, v2, . . . } be defined as in Claim 3, with a voxel
ordering satisfying Property (1).
Let k = 1, i.e. the set W (X) consists of a single voxel v and X ⊆ v. By
Fact 1 we have that ∆r(X) 6= ∅. Denote for brevity D = ∆r(X) and assume
for contradiction that D has at least two (n − 1)-connected components. Let
D1 be one of these components. Denote D2 = D \ D1 6= ∅ and define the sets
A1 =
⋃
p∈D1 B(p, r) and A2 =
⋃
p∈D2 B(p, r). Then we have that X ⊆ A1 ∪A2.
To see why, assume that there is x ∈ X, x /∈ A1 ∪ A2. By Fact 1, B(x, r)
contains an integer point q. Then q ∈ D and d(x, q) ≤ r. Then x ∈ B(q, r) ⊆⋃
p∈D B(p, r) = A1 ∪A2, a contradiction.
Since X is bounded, it follows that D is finite, and therefore A1, A2, and
A1 ∪A2 are closed. Hence,
Cl(X) ⊆ Cl(A1 ∪A2) = A1 ∪A2.
Next, we observe that Cl(X) ∩A1 ∩A2 6= ∅. Otherwise, we would have
Cl(X) = (Cl(X) ∩A1) ∪ (Cl(X) ∩A2),
where Cl(X)∩A1 6= ∅ and Cl(X)∩A2 6= ∅, as Cl(X)∩A1 is disjoint from A2 and
Cl(X) ∩A2 is disjoint from A1; thus Cl(X) would be a union of two nonempty
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sets, each of which is disjoint from a closed set containing the other (since A1
and A2 are closed), which contradicts the connectedness of Cl(X). Then there
exist points p1 ∈ D1, p2 ∈ D2, such that
Cl(X) ∩B(p1, r) ∩B(p2, r) 6= ∅.
Hence, there is a point a ∈ Cl(X), such that a ∈ B(p1, r) ∩ B(p2, r), which is
possible only if d(a, p1) ≤ r and d(a, p2) ≤ r. Thus it follows that p1, p2 ∈ B(a, r).
Since a is a limit point of X, there is a point b ∈ X, such that p1, p2 ∈ B(b, r),
provided that the radius r is strictly greater than
√
n/2. Since b ∈ X, we also
have that B(b, r)Z ⊆ D. Then Fact 4 implies that points p1 and p2 are (n− 1)-
connected inD, which contradicts the assumption thatD1 is an (n−1)-connected
component of D with D1 6= D.
Now suppose that ∆r(X ∩
⋃k
i=1 vi) is (n− 1)-connected for some k ≥ 1. We
have
X ∩
k+1⋃
i=1
vi = (X ∩ vk+1) ∪ (X ∩
k⋃
i=1
vi).
Since the closed r-neighborhood of a union of two sets equals the union of their
r-neighborhoods, it follows that
∆r(X ∩
k+1⋃
i=1
vi) = ∆r(X ∩ vk+1) ∪∆r(X ∩
k⋃
i=1
vi).
Let us denote by f a common face of voxel vk+1 ∈ W (X) and the polyhedral
complex composed by the voxels v1, v2, . . . , vk, i.e., F ⊂ vk+1∩
⋃k
i=1 vi. W.l.o.g.,
we can consider the case where f is a facet of vk+1 (i.e., a cell of topological
dimension n− 1), the cases of lower dimension faces being analogous. Let H be
the hyperplane in Rn which is the affine hull of f . Let Zn−1H be the subset of the
set of grid-points Zn contained in H.
By Claim 3, there is a point p ∈ Cl(X) ∩ f . Consider the n-ball Bn(p, r).
Then Bn−1(p, r) = Bn(p, r) ∩ H is an (n − 1)-ball with the same center and
radius. Applying Fact 1 to Bn−1(p, r) in the (n− 1)-dimensional hyperplane H,
we obtain that Bn−1(p, r) contains at least one grid point q ∈ Zn−1H , which is
a vertex of facet f . Since p ∈ Cl(x) is a limit point of X, there exists a point
p′ ∈ X, such that the ball Bn−1(p′, r) contains q, too. By construction, q is
common for the sets ∆r(X ∩ vk+1) and ∆r(X ∩
⋃k
i=1 vi). The former is (n− 1)-
connected by the same argument used in the induction basis, while the latter
is (n − 1)-connected by the induction hypothesis. Then by Fact 3, their union
∆r(X ∩
⋃k+1
i=1 vi) is (n− 1)-connected, as well. This establishes Part 1.
Part 2. The proof of this part is similar to the one of Part 1. Note that in the
base case k = 1 (i.e. when X is contained in a single voxel v), if
√
n− 1/2 < r <√
n/2 then it is possible to have ∆r(X) = ∅ (e.g., if X consists of a single point
that is the center of v). If that is the case, the statement follows immediately.
Thus, suppose that ∆r(X) 6= ∅. By definition, ∆r(X) =
⋃
x∈X B(x, r)Z. For any
x ∈ X, B(x, r)Z is (n − 1)-connected by Fact 4. We also have that any of the
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nonempty sets B(x, r)Z contains a vertex of v. Since any two vertices of a grid
cube are at least 0-adjacent, it follows that any subset of vertices of v is at least
0-connected. Then by Fact 2, ∆r(X) is at least 0-connected.
The rest of the proof parallels the one of Part 1, with the only difference
that point q is common for the sets ∆r(X ∩ vk+1) and ∆r(X ∩
⋃k
i=1 vi), each of
which is 0-connected (the former by an argument used in the induction basis,
and the latter by the induction hypothesis). Then Fact 3 implies that their union
∆r(X ∩
⋃k+1
i=1 vi) is 0-connected, as stated.
Figure 1 illustrates that the obtained bounds for r are the best possible: if r
equals
√
n/2 (resp.
√
n− 1/2), then ∆r(X) may not be (n− 1)-connected (resp.
0-connected). This completes the proof of the theorem. uunionsq
Fig. 1. Left: Offset radius r =
√
2/2, Right: offset radius r = 1/2. In both figures: X
is the thick line segment with missing midpoint marked by a hollow dot, the shaded
region is the offset, the offset discretization consists of the large thick dots, the hollow
dots on the offset boundary do not belong to the offset and to the discretization.
The proof of Theorem 1 implies the following corollary.
Corollary 1. If X ⊆ Rn (n ≥ 2) is connected, then ∆r(X) is (n−1)-connected
for all r ≥ √n/2, and ∆r(X) is at least 0-connected for all r ≥
√
n− 1/2.
The above in turn implies:
Corollary 2. If X ⊂ Rn (n ≥ 2) is disconnected but U(X, r) is connected for
some r > 0, then ∆r+
√
n/2(X) is (n − 1)-connected, and ∆r+√n−1/2(X) is at
least 0-connected.
4 Algorithmic aspects and applications
Let X be a closed disconnected subset of Rn where n ≥ 2. Denote by αj(X),
j = 0 or n− 1, the minimum value of an offset radius for which ∆αj(X)(X) is j-
connected. Let ρ(X) be the smallest offset radius for which U(X, r) is connected.
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Knowing the exact value of ρ(X) or having a bound on it, one can easily estimate
αj(X) with the help of Corollary 2.
Let X ⊆ Rn be a bounded set with closed components X1, X2, . . . , Xm
and gij = g(Xi, Xj) be the gap between Xi and Xj for 1 ≤ i, j ≤ m. It
is not hard to see that ρ(X) ≤ 12δ(X), where δ(X) := mini maxj gij . Given
the values gij , δ(X) can be found in O(m
2) time. Another upper bound on
ρ(X) is given by the radius ω(X) of the minimal bounding sphere for X. Recall
that, given a non-empty family of bounded sets X in Rn, a minimal bounding
sphere for that family is the sphere of minimum radius such that the closed
ball bounded by the sphere contains all sets of the family. Corollary 2 im-
plies that ∆(δ(X)+
√
n)/2(X) and ∆ω(X)+
√
n/2(X) are (n − 1)-connected, while
∆(δ(X)+
√
n−1)/2(X) and ∆ω(X)+√n−1/2(X) are 0-connected. For the special case
where X is a set of points in Rn, ω(X) can be computed in linear time O(m)
for any fixed dimension n by Megiddo’s “prune and search” minimal bounding
sphere algorithm [24,25]. In that case we also have the following relation.
Proposition 1. Let X be a set of m ≥ 2 points in Rn. Then ρ(X) ≤ ω(X) ≤
δ(X).
Proof. (sketch)
Let S(X) be the minimum bounding sphere of X = {p1, p2, . . . , pm} with center
C and radius R. If X = {p1, p2}, then p1 and p2 are end-points of a diameter of
S(X) and δ(X) = 2R > ω(X) = R.
Now suppose that m ≥ 3. Suppose that S(X) contains two points a and
b from X, which are endpoints of a diameter of S(X). Let c be another point
from X. If c 6= C, then it is easy to see that at least one of the inequalities
d(a, c) > R or d(b, c) > R holds. If c = C, then d(a, c) = R. Thus we have that
that R = ω(X) ≤ δ(X), as equality holds if and only if a point from X is a
center of S(X).
Now consider the case where S(X) does not contain endpoints of a diameter
of S(X). Then S(X) contains a set M of at least three points, such that the
center C belongs to the convex hull conv(M) of M (otherwise the sphere S(M)
would not be minimum enclosing for X). Suppose that X contains no point
at the center C. Then there are points a, b ∈ M with d(a, b) > R, which once
again implies δ(X) > R = ω(X). To see why, assume for contradiction that
the diameter diam(M) of M satisfies diam(M) ≤ R. Then, if diam(M) < R,
the polytope conv(M) cannot contain C which is at a distance R from any of
its vertices that are elements of M . If diam(M) = R, then C must be among
the vertices of conv(M), since diam(M) equals the diameter of conv(M) and is
achieved for a pair of its vertices. If X contains a point that coincides with C,
then we clearly have δ(X) = R = ω(X). uunionsq
It was shown in [9] that, given an array of gap values A(X) = {gij , i, j =
1, 2, . . . ,m}, ρ(X) can be computed in O(m4) time. Here we observe that this can
be performed much more efficiently in O(m2) time by constructing a minimum
spanning tree of a complete graph on m vertices, for which the array A(X) is the
adjacency matrix of edge weights. This can be done, e.g., by Prim’s algorithm
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[26] with O(m2) arithmetic operations. Then ρ(X) is the value of the maximum
edge weight in the obtained spanning tree (recall that the (multi)set of weights
is unique for all minimum spanning trees of a graph).
In the Introduction we briefly discussed the theoretical and practical worth of
results like those presented in this article. We conclude by adding one more com-
ment. Suppose that a connected set X (e.g., a continuous image) to be discretized
is partially “flawed” and made noisy by discarding some isolated points or lines
from the image, whose removal makes it disconnected. Nonetheless, Theorem 1
guarantees that one can get a faithful connected digitization of X by choosing
an offset size specified by the theorem.
In this note we obtained theoretical conditions for connectedness of offset
discretizations of sets in higher dimensions. An important future task is seen
in computer implementation and testing the topological properties and visual
appearance of offset discretizations of varying radius. It would also be interesting
to study similar properties of other basic types of discretization.
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